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Abstract The nonlinear singularly perturbed problem is an important object of study in the international academic circles.
It deals with many subjects. On the study of certain ecological phenomena an original research adopts only some simple
observational and statistical date to obtain the conclusion. But it cannot validly reflect its essence of the ecological
phenomenon. Recently the research some method of dynamics is produced for the study of ecology in international
academic circles i. e. the people first reduce it to the differential equation of model which reflect its essential phenomenon
and then solve the solution of the corresponding equation with mathematic methods finally study its dynamic rules upon

the theory of biology and mathematics. Lately the nonlinear perturbed problem has been widely investigated. Many scholars
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have considered the approximate theory. Approximate methods have been developed including the method of averaging
boundary layer method methods of matched asymptotic expansion and multiple scales and so on. This paper deal with the
nonlinear generalized Lotke-Volterra prey-predator ecological model. A perturbation method being simple and valid is
applied to study the prey-predator ecological model. The authors first provides a model of the prey-predator model which is
a system of differential equation and has developed the undermined functions in power series as small positive parameter.
Then the equations of the coefficients for power series are obtained. And their solution is solved. Thus using the
perturbation method the asymptotic expansions of solution for the original problem are obtained. The conclusion is that a
good approximation for the original model comes to a solution which is an analytic expression and can keep on analytic

operation. Lastly a corresponding example is given which show that obtained solution possesses a very good accuracy.
Key Words nonlinear Lotke-Volterra ecological model singular perturbation

The nonlinear singularly perturbed problem is a very attractive object of study in the international academic
circles ' . Recently approximate methods have been developed and refined including the method of averaging
boundary layer method methods of matched asymptotic expansion and multiple scales. Many scholars such as Ni and
Wei > Marques °  Bobkova * have done a great deal of works. Mo et al also considered a class of the shock layer
solution of nonlinear equations for singularly perturbed problems >  problems of atmospheric physics “* and the

9 10

ecological problems . Recently the research some method of dynamics is produced for the study of ecology in

. . . . 11 12
international academic circles

. The people first reduce it to the differential equation of model which reflect its
essential phenomenon and then solve the solution of the corresponding equation with mathematic methods. This paper
deal with the nonlinear generalized Lotke-Volterra prey-predator ecological model. A perturbation method being
simple and valid is applied to study the prey-predator ecological model. The authors first provides a model of the
prey-predator model which is a system of differential equation and has developed the undermined functions in power
series as small positive parameter. And using a special and simple method we studied a class of nonlinear singularly
perturbed predator-prey ecological model.

1 Generalized Lotke-Volterra model

Now we consider the following nonlinear problem for the generalized Lotke-Volterra prey-predator model "

ou
887;—a1u1 +tyuu, =gl tu u, te 0T 1
du,
$+azuz—'y2u,u2=f;F2 tu u, te 0T 2
u, =A, ¢ t=0 3
u, =A, ¢ t=0 4

where u, and u, stand for the quantities of prey and predator respectively & is a positive small parameter «, 7y, and

T are conslants «, represents the intrinsic growth rate of the prey «, refers to the death rate of the predator vy, i=

1 2 are coefficients of the prey and predator respectively the right hands &F;, i =1 2 of the equations 1 and
2 are perturbation terms F;, A, i =1 2 are sufficiently smooth functions with regard to their variables in

corresponding domains. We will construct the asymptotic expansions of the solution.

2 Outer solution

Let the expansions of a set of the outer solution U, U, for the original problem 1 — 3 are

U—=Y Ug i=12 5
j=0

http //www. ecologica. cn



4368 27

Substituting 5 into 1 2 4 equating the coefficients of same powers of respectively we obtain
a, Uy =y, Uy Uy =0 6
dU,,
de +ayUyy =y, Uy Uy =0 7
Uy=4, 0 t=0

a; =y, Uy U11'+')’1U10U2_/=_F1j j=12 9

dUZj .
dr + a, -y, U Uzj_')’2Uon1_,'=F2j j=12 10
Uy = Ay =0 j=12 11

where F; Ay i=12j=12 are determined functions successively which constructions are omitted.

Obviously from 6 — 8  we have

Uy=0 U,y =4, 0 exp —a,t 12

We also have the solutions U,, U, i=1 2 of the linear problems 9 — 11 successively

U, = — Py =12 13
Y a, -y,A, 0 exp —at /=
' Y4, 0 Fy .
Uy, = | F, ! —a, t—t, di, +A, —at j=12 14
2 L 5 t yA, 0 —ajexp - ayt, exp a, 1  + Ayexp @t ]

Substituting 12 — 14 into 5  thus we obtain the outer solution U, U, for the original nonlinear
problem 1 — 4 . But U, U, may not satisfies condition 3  so we need to construct the initial layer
correction V, V, .

3 Initial layer correction
Introducing a stretched variable ' 7 =L et
e
u,=U+V, 1=12 15
and
Vi~ Y Ve i=12 16
70
Substituting 15 16 and 5 into 1 — 4  we obtain
dVy,
dr ~ ay =y Ay 0 Vg +y, ViV =0 17
avy,
= 1
dr 0 8
Vo 0 =4, 0 V,, 0 =0 19
dVl/ - .
dr - a —y,4, 0 Vlj+'y1 V10V2j+V20V1j =F1j j=12 20
dv,
? = sz ] = 12 21
V, 0 =4, V, 0 =0 j=12 22
where F; A, i=12j=12 are determined functions successively which constructions are omitted too.
From 17 — 22 we have
Vie=4, 0 exp a, -y,4, 0 7 V,,=0 23

vV, = Li- T, exp a; —y,4, 0 -1, dr, +Ajexp a; —yA, 0 7V, = LszdT' j=12
24
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wherea,- T =-%A4, 0 exp a -vA 0 7 Lszdq-l +Fljj =12

Then we obtain asymptotic expansions of solution for the problem 1 — 4

u£~z Uit Vyr &te OT i=12

y

where & = and U; V,; are expressed by 12 — 14 and 23 — 24
&£

4 Example
We now consider a special nonlinear Volterra prey-predator perturbed model. The perturbed terms of the model

I —4 areF)=F,=0 and A, ¢ =A, +A,6 where A; i —1 2 j=0 1 are constants. Thus we consider the
following problem

du, du,
e —au +yuu, =0 +a,u, —yuu, =0 te 0T 25

de de
u, =A,,+A,e u, =4, +A, e t=0 26

From 12 — 14  we have
U,=0,=012
Uy=Ayexp —a,t j=01 U, =0;=23
And from 23 — 24 we have
Vi=Ajexp a, =y, Ay 77=017V,;=0;=23
V,;=0j5=012
Then we obtain the asymptotic expansions of solution u, u, for the Volterra prey-predator model and if @, <
v,45 a, >0 we can prove that the solution wu; u, of the nonlinear problem 25 — 26 is expressed by the
following asymptotic expansions '*
u = Ay +A e exp a, —y,A 5 t/e+0 & te 0T 0<e<<l
u, = Ay +A,e exp —a,t ++0 & te 0T O<e<<l.
In order to show the accuracy of above result now we compare a special case. We give a set of parameters as

follows a;,=A,=1 v, =2 i=1 2 £=0.01. We establish a comparison of the values of between for

Upnum  Wonum

the numerical solution and w,, u,,, of the asymptotic solution of the perturbation method. We obtain the

following results see the Fig. 1 Fig. 2 Table 1 and Table 2

Table 1 A comparison of the values of between u, ., and u,,,

t 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
Uy 1.010 0.676 0.248 0.094 0.036 0.013 0.005 0.002 0.001 0.000 0.000
U sy 1.010 0.699 0.239 0.090 0.034 0.011 0.004 0.002 0.001 0.000 0.000

Table 2 A comparison of the values of between u,,,,, and u,,,,

t 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

U3 um 1.01 1.01 0.99 0.97 0.95 0.92 0.88 0.78 0.61 0.48 0.38

Upasy 1.01 0.99 0.97 0.95 0.93 0.90 0.86 0.76 0.60 0.47 0.37
From the result of the Figs. and Tables we know that the values of between the solution u,,,, t,,,, of the

numerical calculation and the u,,, u,, —of the asymptotic method are small. Thus using the perturbation method

there is a good accuracy for the computed values of the model 1 — 4
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12 — — Simulated exact solution 1.0
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Fig. 1  Comparison between simulation solution w,,,, and perturbed Fig. 2 Comparison between simulation solution u,,,,, and perturbed
asymplotic solution u;,, asymplotic solution uy,,

5 Conclusions

1 The prey-predator ecological models are a complicated natural phenomenon. Hence we need to reduce

basic models and solve them by using the approximate method. The singularly perturbed solving method is a simple

and valid method.

2 The singularly perturbed solving method is an approximate method which differs from general numerical

method. The expansions of solution through the singularly perturbed solving method can be kept in the analytic

operation. Thus we can further study that the fixed quality and quantitative behaviors of the solution u; i =1 2 for

the Volterra predator-prey ecological model. But we do not discuss any more.
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